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Abstract 

Given an n x n nilpotent matrix over an algebraically closed field 
K, we prove some properties of the set of all the n x n nilpotent 
matrices over K which commute with it. Then we give a proof of the 
irreducibility of the variety of all the pairs (A, B) of n x n nilpotent 
matrices over K such that [A, B] = if either char if = or char if > 

— . We get as a consequence a proof of the irreducibility of the local 

Hilbert scheme of n points of a smooth algebraic surface over K if 

Ti 

cither char K = or char K > — . 

~ 2 

1 Introduction 

Let K be an algebraically closed field. T.S. Motzkin and O. Taussky in |5] 
and M. Gerstenhaber in [H] proved that for any n G N the variety of all the 
pairs (A, B) of n x n matrices over K such that [A, B] = is irreducible. 
R.W. Richardson in ^2] extended this result by showing that if char K = 
the variety of all the pairs of commuting elements of a reductive Lie algebra 
over K is irreducible. D.I. Panyushev in studied this kind of varieties in 
a more general context and, besides other results, showed that if char K = 
the variety of all the pairs of commuting elements of a symmetric space of 
maximal rank is normal (see also 0). 

Let 7i(n, K) be the variety of all the pairs (^4, B) of n x n nilpotent matrices 
over K such that [A, B] = 0. Recently V. Baranovsky proved in [Q that 
TC(n,K) is irreducible if either char/f = or char if > n. The proof uses 
the irreducibility of the local punctual Hilbert schemes of smooth algebraic 
surfaces. In fact, let X be an algebraic surface over K and let Hilb n X be 
the Hilbert scheme of n points in X. Let P be a nonsingular point of X 



and let Hilb n (0p) be the fiber in nP of the Hilbert-Chow morphism from 

Hilb n X to Sym n {X). It parametrizes the ideals of colenght n of Op. Let 

TC(n, K) be the subvariety of H(n, K) x K n of all the triples (A, B, v) such 

that dim{A l B :) v : i, j = 0, . . . , n — 1) = n. H. Nakajima in ^Uj showed that 

there exists a morphism from Tt(n,K) onto Hilb n (0p) whose fibers are the 

orbits of 7i(n,K) with respect to the action of GL{n,K). If x,y are local 

coordinates in P and we regard Op as a subset of K[[x, y]], it associates to 

(A, B, v) the ideal of all g G Op such that g(A, B)v = 0. J. Briangon in 

proved that Hilb n (Cp) is irreducible if charET = (see also [7j). In (H| this 

was extended by A. A. Iarrobino to the case char .ST > n. 

In this paper we give a more elementary proof of the irreducibility of 7i(n, K) 

n 

if either char K = or char K > — . It consists of showing that the subset 

of 7i(n,K) of all (A,B) such that B is regular, that is rankl? = n — 1, is 
dense. For this purpose we fix an n x n nilpotent matrix B over K and 
study the Jordan canonical form of the n x n nilpotent matrices over K 
which commute with B. If A commutes with B we determine some proper- 
ties of the Jordan canonical form of B + f(A) for some suitable / € K[x] 
such that x \ f. We use the form of the centralizer of B when B is in 
Jordan canonical form and the irreducibility of the variety of its nilpotent 
elements. The main step of the proof of the irreducibility of 7i(n, K) is the 
following result: if either char K = or char/f > — and m € N is such 

Tl 

that — + 2 < m < n the subvariety of H(n, K) of all the pairs (A, B) such 

n 

that rank A > n — 2 and — h 1 < ind A < m (where ind A is the index of 

nilpotency of A) is irreducible. In the proof of this result we use the same 
map introduced by Nakajima in ^U] from an open subset of H(n, K) to the 
grassmannian of all the subspaces of K[x, y]/(x, y) n of codimension n. This 

Tl 

result is not true for some n, p £ N such that p < — and char K = p. 

As a consequence we get a proof of the irreducibility of Hilb ra (Op) for alge- 

n 

braically closed fields K such that either char K = or char K > — . 

2 Preliminaries 

If R is a ring and n', n" G N let M(n' x n" , R), M(n', R) and Af(n', R) be 
the varieties of all the n' x n" matrices, of all the n' x n' matrices and of all 
the n' x n! nilpotent matrices respectively over R. Let J n be the nilpotent 
Jordan block of order n over K. In this section we will not use the hypothesis 
that K is algebraically closed. 
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Proposition 2.1 J\f(n,K) is irreducible of dimension n 2 — n. 

Proof. If M\ (n, K) is the subspace of J\f(n, K) of the matrices whose entries 
of indices such that j — i ^ 1 are 0, the morphism from GL(n, K) x 
J\f%(n,K) to M(n,K) defined by (G, A) i— * G^AG is surjective. Since the 
centralizer of J n has dimension n, the dimension of the orbit of J n is n 2 — n, 
which shows the claim. □ 

Let B € M(n, K) be fixed, let N B = {A G N{n, K) : [A, B] = 0} and 
let u\ > . . . > ut be the orders of the Jordan blocks of B. We choose a basis 
A£> = {v^ h ~ , ■ ■ ■ , v h '■ h = 1, . . . , i] of if™ with respect to which B is in 
Jordan canonical form. If F is an extension field of K and X G .M(ra, -F) 
we regard the matrix which represents X with respect to as a block 
matrix (X^k), h,k = l,...,t, where Xhk S A^(«ft x Uk,F). If m 6 N, 
= l,...,m, and (Xu>) is a block matrix, let Xa\ and X^' be respec- 
tively the Z-th row and the l-th. column of blocks of (Xu>) for I = 1, . . . , m. 

Lemma 2.2 (H.W. Turnbull and A.C. Aitken, 1931). If A G .M(n,K) we 
have [A, B] = if and only if for 1 < k < h < t the matrices A^k and A^h 
have the following form: 



Ahk — 



/0 .. 





a hk 




a hk 
a hk 




a hk\ 


Vo .. 


/ a lh 




a \h 






a kh } 
a kh 


a hk 
a \k> 


Akh = 









a kh 






V o o / 



where for = we omit the first — columns and the last u& — Uh 
rows respectively. 

Proof. See [H], 0, 0. □ 
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Let go = and let q a G {1, . . . , t}, a = 1, . . . , i, be such that Uh = u^+i if 
q a -i + 1 < h < q a , u qa ^ u qa+ i, q t = t. If (A hk ), h, k = 1, . . . , t, has the 
form of Lemma l'2. 21 for a, [3 = 1, . . . , t let 

A a p = (a^), q a ^i + l<h<q a , qp-i + l<k<qp. 



Lemma 2.3 If A E M{n,K) is such that [A,B] = then A G Mb if and 
only if A aa is nilpotent for a = 1, ... ,t, hence Mb is irreducible. Moreover 
if A G Mb it is possible to choose Ab such that A aa is upper triangular for 
a = 1, . . . ,t. 

Proof. For I = 0, . . . , u x - 1 let XJ l = (v l h : h = 1, . . . , t, u h - 1 > I); 
then K n = U l and A(U l ) C 0f7\ For v G K n let v = ^ 

1=0 i=l 1=0 

where G and let L A)l : U l -> C/ z be defined by L^O) = 
Then ^4 is nilpotent if and only if L A ,i is nilpotent for I = 0, . . . , u\ — 1. 
For / = 0, . . . , ui — 1 let 7/ G {1, . . . , t} be such that / < u Qii — 1, I > 
u q~ fl +i — 1 if t. Then the matrix of L Af i with respect to the basis 

{v l h : h = 1, . . . , t, Uh — 1 > 1} is the lower triangular block matrix 
{A a p), a, {3 = 1, ... ,7/, which is nilpotent if and only if A aa is nilpotent 
for a = 1, ... ,7;. This proves the first claim and, by Proposition 12.11 the 
second one. 

i 

For v G K n let v = where v ( a ) G (i^ : /i = q a -i + 1, • • • , q a , I = 

0, . . . , Mq a — 1). For a = l,...,t and I = 0, . . . , u qa — 1 let U l a = (v l h : 
h = q a -i + 1, ... ,g a ) and let La,<*,z : U l a ^> U l a be defined by Lx,a,z(«) = 
LA,i(v)r a ). Then the matrix of L A , a ,i with respect to the basis {v l h : h = 
q a ~i + 1, . . . , q a } is A aa . Hence for a = 1, . . . , t there exists {c(A, a)hk € 
K : h,k = q a -i + 1, . . . , q a } such that if we set 

w l h = c(A,a) hk v l k 

k=q a - 1 +l 

for h = q a -i + 1, . . . , q a we have that the matrix of L Aa i with respect to the 
basis {w l h : h = q a ~i + 1, . . . , q a } is upper triangular for I = 0, . . . , u qa — 1. 
Then the basis {w^ h ~ , . . . , u>° : /i = 1, . . . , t} has the required property. 
□ 
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We denote by Mb,a b the subspace of Mb of all A such that A aa is up- 
per triangular for a = 1, . . . , t. 

Let rii E {1, . . . , t}, i = 1, . . . , re, be such that rti = 1, u n . — u ni+1 > 2, 

Un, ~ Un l+1 -1 < 1 for i = 1, . . . , TB ~ 1, U„ rj3 - U t < 1. 

Proposition 2.4 There exists a non-empty open subset of Mb such that if 
A belongs to it we have rank A = n — tb- 

Proof. By Lemma 12.31 it is sufficient to prove that there exists a non-empty 
open subset Z of Mb,Ab such that rankA = n — rs for A E 2. 
If r# = 1 there exists j4 G Mb regular such that B is a power of j4 and if 
A G Mb,Ab ls regular then for m = 1, . . . , u\ — 1 we have 

u^ 1- ', . . . , < t_i G (Av?-'- 1 , Av% 2 - j , Av?~ j : j = l,...,m) 
for j = 1, . . . ,m. 

Let re > 1. For i = 1, ... ,r_B and A G Mb,a b we define Va,i to be the 
following subset of iT n : 

(Ai; n / , Av n / +l , . . . , A« n4 ; + +I 1 : j = 1, . . . , i' = 1, . . . , t>. 
Then we have 

va, c (<:^^;xr j , . . . ,<:^r j = i = i, •• • .* = i, ... ,<> 

for j = 1, ...,r\B. Moreover the open subset 2 of Mb,Ab °f an ^ such 
that in this relation equal holds for i = 1, ... ,rB and rank ^4 > n — tb is 
non-empty. In fact, if A G Mb,A b * s such that = if there doesn't 
exist i G {1, . . . , r^} such that h,k G {rij, . . . , nj+i — 1} and for h 1 , k' G 
{nj, . . . , rtj-fi — 1} the nilpotent matrix (A/^./) is regular for i = 1, . . . ,rs 
then we have A £ Z. 
If A G Z we have 

for i = 1,...,tb, which implies that ImA is contained in the following 
subspace of K n : 

(Av l h : h = 1, ... ,t, I = 0, .. . ,tt ft -l, (V) / (ni,u ni -l) for % = 1, . . . ,r B ). 
This shows that -E has the required property. □ 



5 



3 On some automorphisms of 7i(n, K) 

The aim of this section is the proof of Proposition 13.51 and Proposition 13.71 
from which we will get Corollary 13.81 For this purpose, we first prove some 
properties of the ranks of the matrices {A" 1 )^ for A G Mb-, m £ N and 
h,k G {1, ...,*}. 

Lemma 3.1 Let A G Mb,a b o,nd let . . . , i r } C {1, . . . ,t} be maximal 
such that i\ < . . . < i r , —Ui r < 1. Ifm G {2, . . . , r} and i,j G i r } 
we have 



Proof. If j — i > and m G {2, . . . , r} we have rank^" 1 )^- < Uj — 1 if 
there doesn't exist an I G {l,...,t} such that (A m ~ l )u and Aij have the 
first column different from 0. If i — j > and m G {2,...,r} we have 
rank(A m )jj < Uj — 2 if there doesn't exist an I G {1, . . . ,t} such that either 
{A m ~ 1 )ii has the first column different from and A\j has the second column 
different from or the converse. Hence the claim is true for m = 2. Then 
by induction on m and the previous observations we get the claim. □ 

Let sb be the maximum of the cardinalities of the subsets ... ,i r } of 
{1, . . . , t} such that i\ < . . . < i r , — Ui r < 1. 

Since if A G Mb we have (A aa ) SB = for a = 1, . . . , t, by Lemma f3. II we 
get the following corollary. 

Corollary 3.2 If A £ Mb, hj £ {L • • • >t} an d \ u i ~ u j\ < 1 we have 
r&nk(A SB )ij < mm{ui,Uj} — 1. □ 

If X is a matrix and m G Z is such that m < the claims rank X = m and 
rankX < m will mean rankX = 0. 

If X\ G M.(p\ x u, K) and X2 G M.{u x p 2 , K) have the following form: 




x\ x\ 
















Vo 



/ 



6 



for i = 1,2, where rj < min{j?j,u}, then X1X2 £ -A/f(pi x P2,K) has the 
same form and rank(XiX2) = rankXi + rankX2 — u. 

Hence, by Lemma 12.21 for mi, 7712 £ N and A € AAg, since A mi+m2 = 
A mi A m2 , we have 

rank(,4 mi+m2 ) hfc < max {rank^ 1 )^ + rank(A m2 ) /fc - «,}. (1) 
ze{i,...,t} 

Let jV/i be the subset of A/"_b of all A such that if i,j G {l,...,i} and 
\ui — Uj\ < 1 we have rankylj,- < mm{ui,Uj} — 1. 

Let z,j G {1, . . . , i} be such that i < j. We associate to the pair an 
h(i,j) E N U {0} defined as follows. If Ui — Uj < 1 we set h(i,j) = 0. If 
"Ui — Uj > 2 we define h(i,j) to be the unique element of N such that there 
exists {ki : 1=0,..., h(i,j)} C {1, . . . ,£} with the following properties: 
£ = k < h < ... < k h (ij), u kl - u kl+1 > 2 and u kl - u fe , +1 _i < 1 for 
Z = 0, . . . , h(i, j) - 1, < u kHU) - uj < 1. 

Lemma 3.3 If Ad Mb, ij'G {l,...,t} and m G N we /lave 

rank(A m )jj < min{uj,Uj} — m + /i(min{i, j}, max{i, j}). 

Proof. The claim is true if m = 1, hence we prove it by induction on m. 
Let m > 2. 

Let j < i. By^we get 

rank(A m )ij < max ^{rank An + rank( J 4 m_1 )/j - u/}, 

hence it is sufficient to prove that for I = 1, . . . , t we have 

rank^ljz + rank(A m ~ 1 )/j — ui <u% — m + h(j,i). 

Let I < j. Then we have rank^4j/ < u,, and equal may hold only if ui — U{ > 2. 
Moreover by the inductive hypothesis we have rank( J 4 m_1 )/j < Uj — m+ 1 + 
h(l,j). Hence we get 

rank An + rank( J 4 m_1 );j — u\ < Ui + uj — m + 1 + h(l,j) — u\ 

where equal may hold only if u\ — u% > 2. Since we have Uj + h(l,j) < 
and equal may hold only if Uj = u\ we get the claim. 

Let j < I < i. Then as above we have rank An < Ui and equal may hold 
only if ui — Ui > 2. By the inductive hypothesis we have rank(^4 m_1 )/j < 
ui — m + 1 + h(j, I), hence we get 

rank^Lj + rank(^4 m_1 )^- — ui <Ui — m + 1 + h(j, I) 
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where equal may hold only if m — Ui > 2. Since h(j, I) < h(j, i) and equal 
may hold only if ui — Ui < 1, we get the claim. 

Let i < I. Then we have rank An < ui and equal may hold only if Uj — ui > 2. 
By the inductive hypothesis we have rank(A m_1 )/j < u\ — m + 1 + h(j, I), 
hence we get 

rank An + rank(^ m_1 )/j -ui<ui-m + l + h(j, I) 

where equal may hold only if m — u\ > 2. If m = u\ then h(j, I) = h(j, i) 
and hence we get the claim. If u\ + 1 = Uj then h(j,l) < h(j,i) + 1, hence 
we get the claim. Let U{ — ui > 2. We have h(j, I) < h(j, i) + h(i, I) + 1 
and ui + h(i,l) + 1 < Uj, but not in both of these equal may hold. In 
fact ui + h(i, I) + 1 = Ui only if m — u\ = 2 and if n« — = 2 we have 
Mj) — *) + 0- H ence we get the claim. 
If i < j we can repeat the same argument as above by using 

rank( J 4 m ) ij - < max {rank(A m ~ 1 )u + rank A tj - ui}. □ 



Let m G N and let A/" m be the subset of (n, if(x)) of all Y which commutes 
with B and such that 

rankYy < mm{ui,Uj} — m + h(mm{i, j}, max{i, j}) 

for i,j = 1, . . . , t. Let go and (?cn a = 1, . . . ,t, be as in Section 2 and let 
i m = max{a G {1, . . . , i} : u qa - 2 > m}. 

For Y G A/" m , a G {1, . . . , t m } and /i, fc G {g Q _i + 1, . . . , q a } let a% k (Y) be 
the entry of Y^k of indices (Z, m + I), 1 = 1,..., u qa — m, and let d™(Y) = 
det(o^ fc (y)). Let V m be the open subset of M m of all Y such that d£(Y) + 
for a = 1, . . . , i m . Let V m be the subset of V m of all y such that if i,j G 
{1, . . . , t} are such that \ui — Uj\ > 2 then Yij = 0. 

For y G jV m let TZ(Y) be the subset of K of all a such that all the entries 
of y are regular in a and let £ m (Y) = {a G K : d™(Y)(a) ^ for a = 

Lemma 3.4 // m G N £/iere exist an open subset W m of V m such that 
V m C W m and a rational map 4> m : W m — > A/" m suc/i i/iai: 

the first m columns and the last m rows of <p m {Y)hk « r e forY G W m 
anc? h, k = 1, . . . ,t; 
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2) ifY<E Wm and g is an entry of <f> m (Y) then 

tm 

9 n C(y) 2[( *~ a)+( '~ a ~ 1)+ '" +( '~* m)] 

a=l 

is regular in 1Z(Y); 

3) rank0 m (y)(a) = rank Y (a) for Y G W m and a G TZ{Y) n E m (Y). 

Proof. If a, (3 G {1, . . . ,t} are such that u Qa — u qfj > 2 and Y G V m , for 
i = q a -\ + 1, . . . , q a and r = 1, . . . , /i(</ a , qp) let C l (Y, /3, r) be the submatrix 
of Y"W having as columns the columns of Y"W f indices m + 1, . . . , u q0 + r 
and let Ci(Y,(3,r) be the submatrix of Yu\ having as rows the rows of Yu\ 
of indices u qa — u qp — r + 1, . . . , u Qa — m. Let r G {1, . . . , h(q a ,qp)} and let 
j G {<7/3_i + 1, . . . , q^}. Let Y G V m be such that 

rank Yjj, rankl^j < u q0 — m + r (2) 

rankY^, iankY u < u Qa - m (3) 

for i = q a -i + l,...,q a and 1 = 1,..., q a -i- Since d^(Y) ^ 0, it is possible 
to add to the submatrix of Y^ whose columns are the columns of Y^>) 
of indices m — r + 1, . . . ,u q/3 a suitable linear combination over K(x) of 
the matrices C l {Y,[3,r), i = q a -i + 1,... ,q a , getting a matrix Y' which 
commutes with B and such that rank(Y')jj < u q/3 — m + r — 1 for i = 
q a -i + 1, . . . , q a . The coefficients of this linear combination are a solution of 
a Cramer system whose coefficients are entries of Y and whose matrix has 
d£(Y) as determinant. Hence if g is an entry of Y' we have that gd™(Y) is 
regular in 1Z{Y). 

We claim that Y' G N m - In fact, it is sufficient to prove that for i = 
q a -i + 1, ■ • • , q a and I = q a + 1, . . . , t we have 

rank C*(Y, (3, r)^ < min{uj , u q/3 } — m + h(mm{l, qp}, max {7, qp}). 

We have 

rankC*(y,/3,r) (/ ) < m - m + h(q a ,l) - u qa + u q/3 + r < 

< ui-m + h(q a ,l) -u qa + u q/3 +h(q a ,qp). 

Ul>qp then /i(g a , /) < h(q a , qp) + h(qp, I) + 1 and 2% Q , q^) < u qa - u qf3 , 
but not in both of these equal may hold. In fact, if 2h(q a , qp) = u Qa — u q/3 
then there exists {k[/ : V = 0, . . . ,h(q a ,qp)} such that u^, — Uk v+1 = 2 
for V = 0, . . . , h(q a , qp) - 1 and k = q a , k h{qaA[)) = qp and then h(q a ,l) = 
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h{la>Qp) + h(qp,l). If I < qp we may use the same argument by reversing 
the role of qp and I. This proves the claim. 

If Y G V m the coefficients of the above linear combination of matrices are 0. 
Hence there exists an open subset of V m which contains V m such that if Y 
belongs to it we get Y' G V m . We could repeat a similar argument for the 
rows; in this case we would add to the submatrix of Yr^ whose rows are the 
rows of Yq) of indices 1, . . . , u q „ — m + r a suitable linear combination over 
K(x) of the matrices Ci(Y, (3, r), i = q a -i + 1, . . . , q a . Let 0(a, (3, r) be the 
operation on the rows and columns of an element Y of V m which satisfies 
El and for i = q a _x + 1, . . . , q a , 1 = 1,..., q a ^ and j = qp_ x + 1, . . . , qp 
which consists on applying the previous operation on the columns and then 
the corresponding operation on the rows for j = qp-i + l,...,qp. For 
a, (3 G {l,...,t} we define 0(a, (3, 0) to be the operation which doesn't 
change the given matrix. 

If a, (3 G {1, . . . , t} and u qa — u q/3 > 2 then for I = q a + 1, . . . , t, i = 
q a -i + 1, . . . , q a and r = 1, . . . , h(q a , qp) we also have 

rank C^Y, /3, r) (/) , rank Ci(Y, [3, r) {l) < u qj} - m + r - 1 

since ui + h(q a , I) + 1 < u qa . Let W m be the open subset of V m of all Y 
such that it is possible to apply to Y the following operations in the order 
in which they are written: 

0(7, (3, h{q a ,qp)), 7 = a, a - 1, . . . , 1, f3 = a + I, . . . ,i, a = 1, . . . , t m . 

Let (j) m : W m — > A/" m be the map which associates to Y G W m the matrix 
obtained by applying to Y the previous operations in the given order. Then 
(j) m has the required properties. □ 

The previous lemma allows us to prove the main results of this section. 

Proposition 3.5 // A G Mb ind m G N we have rank(A Ss ) m < rank£> m 
and rank(£ + xA SB ) m < rankS" 1 . 

Proof. The first claim is a consequence of the second one, hence let us prove 
the second claim. It is sufficient to prove that there exists a non-empty 
open subset of Mb such that if A belongs to it we have rank(S + xA SB ) m < 
rank£ m . By Corollary EHl and Lemma EP1 we get that (B+xA SB ) m G M m 
for any A G Mb- Moreover if A = we have (B + xA SB ) m G V m . Hence by 
1) and 3) of Lemma 13.41 we get the claim. □ 

Let F be a field and for p G N U {0} let F[x] p = {g G F[x] : degg < p}. 
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Lemma 3.6 i) If p\,p% G NU {0} the subset of F[ x] Pl x -F 1 [x]p 2 of all 
((71,(72) such that §2 7^ and g\ g" yijte) is open and if P2 £ N it is 
non-empty. 

ii) If pi, ■ ■ ■ ,p r G N U {0} ; r > 1 and F is algebraically closed the subset 
of F[x\ Pl x • • • x F[x] Pr of all (51,.. . ,g r ) such that there exists i G 
{1, . . . ,r} such that deg^ = pj and 1 G (51, . . . ,g r ) is open and non- 
empty. 

Proof. 

i) The claim is obvious if p\ = or j>2 = 0, hence we assume p\,P2 G 
N. If (51,52) G x F[x] P2 we have gi G x/fe) if and only 
if (gi) P2 G (52)- If 52 7^ this happens if and only if there exists 
[a, h] G F(F x F[x] PlP2 ) such that a(gi) P2 = hg2, which shows the 
claim. 

ii) Let x,y be homogeneous coordinates of P 1 (i ? ). For p G N U {0} and 

g = ao + a\x + ■ ■ ■ + a p x p G -F^Jp let 50 = «oy p + a\xy p ~ l H h a p x p G 

F[x,y]. If (gi, . . . , g r ) G X ••• X i^[a;]p r and there exists i G 

{1, . . . , r} such that deg gi = pi then 1 G (51, ... , g r ) if and only if there 
doesn't exist [x, y] G F 1 (F) such that (gj)o{x,y) = for j = 1, . . . , r, 
which shows the claim. □ 

Proposition 3.7 Let . . . , i SB } C {1, . . . , t} be such that i\ < . . . < i SB , 
Ui 1 — Ui SB < 1 and > 2. If A G A/"_b swc/i that at least one of the 
determinants of the minors of {B -\-xA SB ) Ui ^~ l of order rank B Ui ^~ l has the 
maximum possible degree there exists a(A) G K such that 

a) rank(£ + a(A)A SB ) u n^ 1 < rank B u n - 1 . 

Moreover there exists a non-empty open subset of Mb such that if A G 
Ui 1 there exists a(A) G K such that a) and the following conditions hold: 

b) rank(£ + a{A)A SB ) > rank B - I; 

c) rank(£ + a(A)A SB ) 1 = ranks' for I = u il , . . . ,u\. 

Proof. By CorollarvEHland LemmalOwe have (B + xA SB ) u n ~ x G N Ui -1 
for any A G Mb- Let W Ui _i and 4> Uil -i be as in Lemma 13.41 and let 
yVi 1 be the open subset of M B of all A such that (B + a^- 8 )" 1 !- 1 G 
W U j 1 -l- F° r ^4 G let (^(^4) be the determinant of the submatrix of 
(<p Ui i((B + xA SB ) Ui i^ 1 ) hk ), h,k = 1, ... ,i, obtained by taking the first 



11 



Uh — (uii — 1) rows and the last Uk — (u^ — 1) columns of <j) Ui -i((-B + 

xA SB ) Ui i~ 1 )f l ] c for h,k = l,...,max{i G {l,...,t} : Ui > u^}. Let 

t 

= max{uj — (u^ — 1), 0} and let 



i=i 



tu n -l 

01 



4(A) = (A) J] d: ,rl ((B+x^) , " 1 - 1 ) 2n! 'i[M+(i-«-i)+-+(M u , r i) 



a=l 



By of Lemma we have d£ (A) G K[x]. We claim that the subset 
of Wi a of all A such that d^ (A) ^ and 



a=l 



is non-empty. In fact, let A £ Mb be such that A^ = if h . . . , i Sg } or 

k $ . . . ,i SB } and for h 1 , k' = ii, . . . , i SB we have (B^k 1 ) = ai(Ah'k') SB + 
a2(A /l 'fc') Ss+1 wh ere 61,02 € K\{0}. We have d^' 1 ((B + xA SB ) Ui i~ 1 )_ = 1 
for a = 1, . . .,t u%i -i. Since (£ + xA SB ) u n~ l e V^-i we have A € W^. 
If we set a(A) = —61 then A satisfies oj and —a\ is the only element of K 
with this property. Hence by 3) of Lemma ETH we have degd^(A) > 1 and 
then A e U ix . 

By of Lemma I3~B1 the subset is open in Mb- If A € then all the 
determinants of the minors of (B + xA SB ) Ui ^~ 1 of order rankl? Mi i -1 have a 
common root, hence by ii) of Lemma 13.61 we get that if A £ Mb is such that 
at least one of these determinants has the maximum possible degree then 
they have a common root. This proves the first claim. 
If we set a(A) = —a\ then A satisfies also b) and c). Hence the subset Ui x 
of Ui x of all A such that if rank B > 1 there exists a minor of B xA Ss of 
order ranki? — 1 and determinant d(A) and, if ii > 1, there exists a minor 
of (i? + xA Sb ) 1 of order rank and determinant d (A) for i = it^ , . . . , u\ — 1 
such that if rank 5 > 1 we have 



d(A) [] # \{B + xA SB rn-i)?J(d' ii (A)) 

a=l 

and if i\ > 1 we have 

iti-1 -1 



ii-i -»i 



d(A) J] d\A) ]"[ ^-'((B + x^)^- 1 )^ J(4(A)) 



l=Ui 1 a=l 
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is non-empty. Hence by i) of Lemma 13.61 and Proposition 13.51 we get the 
second claim. □ 



Corollary 3.8 Let A be an open subset offi(n,K), let (A,B) G A and let 
. . . ,i SB } C {1, ... ,i} be such that — Ui sg < 1. There exist (A',B') G 
A and f G K[x] such that x \ f,B' + f(A') has SB'+f(A') Jordan blocks 
of order 1 and if we denote by u[ , . . . , u' t , the orders of the Jordan blocks of 
B' + f(A') we have t' > t and u\ = Ui for i = 1, . . . , i\ — 1. 

Proof. Let Ui x be as in Proposition l3.7[ let A\ G Ui x be such that (A\, B) G 
A and let a{A\) be as in Proposition 13.71 We set a\ = a(A{) and s% = sb- 
We now set B to be the matrix B + ai(Ai) Sl . If it is possible, let us choose 
a subset . . . ,i SB } of {1, . . . ,t} maximal such that — Ui SB < 1 and 
Ui x > 1 and let be as in Proposition 13.71 Let A2 G U% x be such that 
(A 2 ,B - a 1 (A 2 ) Sl ) G A and let a{A 2 ) be as in Proposition We set 
a 2 = a(A 2 ) and s 2 = sb- We now set B to be the matrix B + a 2 (A 2 ) S2 . If 
it is possible, let us repeat the previous argument, finding a suitable matrix 
A3 such that (.A3, B — ai(A3) Sl — a 2 (A^) S2 ) G A. If we repeat this argument, 
by Proposition 12.41 at the end we get a matrix B' G Af(n, K) and a matrix 
A' G M b> which have the required properties. □ 

Proposition 3.9 Let u\ — u 2 = 2 and Ui — Ui + \ > 2 for i = 2, . . . , t — 1. 

There exists a non-empty open subset of Mb such that if A belongs to it there 
exists a(A) G K such that ind(-B + a(A)A) < u\, rank(i? + a(A)A) = n — t. 

Proof. If A G Mb by Lemma 12.31 and Lemma 13.31 the only entry of the 
matrix which represents (B + xA) Ul ~ l with respect to Ag which may be 
different from is the entry of indices (l,«i); let us denote it by h{A). 
By i) of Lemma iM.fil it is sufficient to prove that the subset /C of Mb of all 
A such that h(A) ^ and there exists a minor M of B + x A of order n — t 
such that det M y/(h(A)) is non-empty. 

If X G M.(n, K(x, y)) let (^12)' be the submatrix of X\ 2 obtained by taking 
the first u 2 rows and let (^21)' be the submatrix of X 2 i obtained by taking 
the last u 2 columns. 

Let A G M{n,K(y)) be such that (A 12 )', (A 2 i)' = I U2 , A 22 = yJ U2 , A^ = 
if i,j G {l,...,t} and / (1,2), (2,1), (2, 2); then [A,B]=0. 
Let us consider the following matrix of Ml(2, K(x,y)): 

H=(* 1 
\ 1 x + y 

and for k = 1, . . . , u\ - 1 let H k = (hfj), i,j = 1, 2. Then we have ((A + 
xB) k ) tl = hi(J Ui )\ (((A + xB) k )ij)' = h%{J u A k - 1 for i = 1,2, j G 
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{1, 2} \ {i} and k = 1, . . . , u\ — 1. For k = 1, . . . ,u\ — 1 and i,j = 1, 2 
let us regard /i^(x,0) and h^(0,y) as polynomials over A(a;) and K(y) 
respectively. By induction on k, we get that hi 1 (x,0) is monic of degree k, 
h\i (0, y) is monic of degree k — 2, /i^ 2 (0, y) and h\i (0, y) are monic of degree 
k — 1, /^(O* y) i s monic of degree for A; = 2, . . . , u\ — 1. 
If a, b G IT we have rank(j4(6) + aB) < n — t if and only if either t > 2 and 
a = or det F(a, 6) = 0. 

We claim that there exists a non-empty open subset K' of K such that if b 
belongs to it we have 

(det H(x,b),hH~ 1 (x,b)) = 1. 

Since det H = x 2 + yx — 1 if char K ^ 2 this follows from the formula of the 
roots of det-ff as polynomial over K(y). Let char = 2. By ii) of Lemma 
I3.fi! it is sufficient to prove that 

(detFOr,!),/^! -1 ^ 1 )) = 1. 

We have det H(x,l) = x 2 + x + 1, hence the roots of det if (x, 1) are the 3-th 
roots of 1 different from 1. If, for k = 1, . . . , u\ — 1, we denote by the 
matrix over K(x) obtained by substituting in H (x, l) k the exponent of any 
power of x with the remainder of the division of it by 3, we have 

+ 1 1 \ ~ _ / x x 2 + x\ ~ _~ 
1 x 2 )> H *-{x 2 + x x 2 J' H *- H i- 

Hence h\^(x, 1), for k = 1, . . . , u\ — 1, hasn't a root which is a 3-th root of 
1 different from 1, which proves the previous claim if char K = 2. 
Let K" be the non-empty open subset of K of all b such that /i"| -1 (0, b) ^ 0. 
Let b G A"' n A'" and let 5 G A \ {0} be such that h\\' l (a,b) = 0. Then 
md(B + a- l A(b)) < m, iank(B + a- l A(b))=n-t. Since h\\~ l {x,b) / 
we have ^ 0. Hence 1(6) G /C. □ 




4 Proof of the irreducibility of 7Y(n, i^) 

For g G Q let [<?] = min{g' G 7L : q' > q}. Let 

H(n,K) = {(A,B) G TC(n,K) : rankA>n-2}. 

For m G |3, . . . , — | let 

H m (n,K) = {(A,B) G H(n, K) : mdA<n-m + 3} 
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and let 



n, 



i(n,K) = ^(A,B) G H(n,K) : ~ + 1< ind.4 < n - m + 3}. 



We first prove the irreducibility of the variety Tt m (n, K) for m = 3, . . . , 

under some conditions on the characteristic of K. 
ni 1 , 
let 



For I £ < 3, ... , 



J, 



l.n 



Ji 




Lemma 4.1 Let A be an open subset of TC(n, K), let (A,B) G A and let 

Tl 

— + 1 < ind A < n. There exist (A' , B') G A and f G K[x] such that x \ f 
and B' + f(A') is conjugate to J n -mdA+2,n- 

Proof. Since {^4} x Ma is irreducible, by Proposition 13 . 51 we may choose B 
such that A and B are conjugate. We denote by u\ and 112, where u\ —U2 > 2, 
the orders of their Jordan blocks. 

Let Aa be a basis of K n such that A with respect to it is in Jordan canonical 

form and for X € Ma let (X^ ), i,j = 1,2 be the block matrix which 

(A) 

represents X with respect to A^, where X>- is an Uj x Uj matrix for % = 1, 2. 
By Lemma 12. 21 there exists / G K[x] such that x \ f and (B + f(A))^ is 
0. Then rank(l? + f(A)) < n — 3. If we choose B in a suitable open subset 
of Ma we have 

rank((£ + J(A)f)[i\ rank(( J B + /(A))^ =u 2 + l-h, 
r<mk((B + f(A)) h ) ( 2 f =u 2 -h 

and 

rank((£ + J{A)) h )[f =u 2 + 2-h 

for h = 2, . . . , u 2 + 1- Hence the difference between the orders of the first 
two Jordan blocks of B + f(A) is greater than 1. If we apply Corollary 13.81 
to (A, B + ]{A)) and the open subset {(A", B" + J {A")) : {A", B") G A} 
by Proposition 12.41 we get that there exists (A' , B') G A and / G K[x] such 
that x I / and, if we denote by u^, . . . , u' t , the orders of the Jordan blocks 
of B' + f(A'), we have = u 2 + 2 and = 1 for i = 2, . . . , t' . This proves 
the claim. □ 
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For I € \ 3, 



} and c e K \ {0} let 

AJc) -- 



Jl Ei, n (c) 

E Ln J n-l 



where 



/ c . 


.. OX 




fO .. 


■ ••• °\ 


... . 


. . 


> E l,n = 












. . 


. ... 


\o ... . 


.. o) 




vo .. 


. l) 



For I £ < 2, ... , 



let 



Z, 



{ {(n- 1,0),..., (0,0)} 

{(n-/ + l,0),...,(/-2,0),(/-3,l), 
[ (/-3,0),(/-4,l),(/-4,0),...,(0,l),(0,0)} 



if I 



if Z > 2, 



which has cardinality n. We denote by {e±, . . . , e n } the canonical basis of 
K n . 



Lemma 4.2 For ! 6 <3, 



| the subset of N j x n of all A such that 

rank A = n — 2, ind^4 = n — I + 2 is open and non-empty and if A belongs 
to it then: 



a) there exist c € K \ {0} ; / € K[x] such that deg/ < I — 2, x \ f, 
x 2 \ f and a basis of K n such that the matrices which represent A 
and Ji <n with respect to it are A^ n (c) and f(Ji t n) respectively; 

b) if v £ K n is such that (J| ) n) i-1 v / then 
{v,Av,...,A n - l+1 v,J hn v,...,(Jt, n ) l - 2 v}, {A\J ltn y V : € Z,} 
are linearly independent. 

Proof. By Lemma 12.21 and Lemma 12.31 if A £ Afj t n there exists gA £ K[x] 
such that x \ gA and the submatrix of A obtained by taking the first I rows 
and columns is gA(Ji)- For A € Mj ln let Ao = A — gA(Ji,n) an d let be 
the submatrix of obtained by taking the rows and the columns of indices 
1,1, ... ,n. Since the rows and the columns of A$ of indices 2, ... ,1 — 1 are 
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we have ind^4o = n — I + 2 ii and only if A' Q , which is nilpotent, is regu- 
lar. By Lemma 12.21 and Lemma 12.31 the subset of Nj ln of all A such that 
A' is regular is non-empty. Since AqJi^ = we have indA = n — I + 2 if 
and only if ind^o = n — I + 2. If A' Q is regular we have rank A = n — 2 
if and only if x 2 \ gA- Hence the subset of M j l n of all A such that 
rank A = n — 2 and ind^4 = n — I + 2 is open and non-empty. Let A 
belong to this subset. Then {ei, . . . , ej, (Ao) n ~ l ei, . . . , A^ei} is linearly inde- 
pendent and there exists a a £ K \ {0} such that (Ao) n ~ l+1 ei = a^ei. Then 
{ei, Aei, . . . , A n ~ l+1 ei, Ji >n et, . . . , {Ji, n ) l ~ 2 ^i} is linearly independent. Since 
AJi, n = 9A{Jl,n)Jl,n and x 2 \ g A we get b). 

Let 7i,...,7z-i G if, 71 / 0, be such that J ljU = jigA(Ji,n) + ••• + 
ll-igA{Ji,n) l ~ 1 and let / = 71X H h 7z-2^~ 2 Let e^_ i = gA{Ji, n ) % ai for 

1 = 1, — 1. If c' ^ is the coefficient of x in gA we have = (c') l ~ 1 ei 
and hence if c = a J 4(c') 1- ' we have (^4o) n_z+1 e/ = ce^. Then /, c and the 
basis 



{e' 1 ,...,ej_ 2 ,e;_ 1 +7 1 1 7ne' ll e i +7 1 1 7 i _ic ^Aq)" 'ej,(A))" l e h . . . ,A ei} 



which we consider as a polynomial of Z[yi, ...,?/;/] [x,y] if I = and of 
Z[xi, ...,xi,y x ,.. .,yi>][x,y] if I / 0. 

For A; E N U {0} let F(l,l',k) be the polynomial obtained by substituting 
x % yi with in F(l,l') k for i,j € N. Let fo(l,l',k) be the term of degree 
of F(l, V, k) and for h £ N let f h (l, I', k) and f h {l, V , k) be the coefficients 
of x h and y h respectively in F(l, I', k). 

Lemma 4.3 Let IgMU {0} and I', h,k EN. 

i) If I we have 

f h (l,l',k) = X 1 f h _ 1 (l,l',k - 1) H hXmin^/h-nun^ft}^)^,*;- 1), 

I', fc) = Zl/fc(i, fc- !) + • • ' +^min{/,M/h+l-min{«,/ l }( / ' k-l) + 

+yifh(l, l',k — l)-\ h y ffl in{i' > fc}/h + l-niiii{i',fc}( Z ' Z '' fc ~ x ) + 

+Vlfh(h l',k-l)-\ + y m in{i',h+l}A+l-min{/',/i+l}(^ % & ~ 1)- 



have the property required in a). □ 



For Z G N U {0} and I'eN let 
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ii) Letk^l. Ifh<k-1 then f h (l, I', k), f' h {l, l',k) = 0. If h > k - 1 
and I ytz then fh(l,l',k) is a polynomial of 1>\x\, . . . , # m in{J,/i-fc+i}] 
homogeneous of degree k and f' h (l,l',k) is a polynomial of 
Z[xi, . . . , a;min{j,h-fc+i},yi, • • • , J/min{j',/i-fc+i}] homogeneous of degree k. 

iii) If p, m' € N, p is prime, p > k and m! is a coefficient of either one of 
fh(l,l',k), f' h (l,l',k) or of the polynomial obtained by setting y\ = 1 
and i/2, ■ ■ ■ , yv = in f' h (l, I', k) then p \ m! . 

Proof, i) follows from the definitions. If k ^ 1, j € NU{0} and /i — (fe— 1) < 
j < h we have f (l,l',k - 1), f h _j(l,l',k - 1), f' h _j(l,l' ' ,k - 1) = 0, hence 
by i) and induction on fc we get ii). If / = then iii) may be proved by 
induction on /' using the relation 

f(o, i', k) = J2 ( k ) (yv) k - j y l ' {k - j) m i 1 - 1, j). 

3=0 VJ/ 

If I ^ then iii) may be proved by induction on I using the relation 
F(l, l', k)=J2 ( k ) (xi) k - j x l ^F(l - 1, l',j)(x, 0) + 

3=0 VJ/ 

+ E ( k )(xi) k - j 'y l{k - j,) F(l - l,l',j')(0,y). □ 



For I 



let $(n, Z) € At((n — Z + 2) x n, Z[xi, . . . , x„_z + i]) be 

such that the entry of <£(n, I) of indices Zi, A; is fh-i(n — I + 1,1' ,n — k) for 
/i = 1, . . . , n — I + 2, k = 1, . . . ,n, where /' is any element of N. 

'Til 

For 1 = 2,..., [-J let *(n,Z) e M((Z - 1) x rc, Z[xi, . . . , x ; _ 2 , yi, . . . , yi-i]) 

be such that the entry of \l/(n, I) of indices is f' h ,(l',l — l,n — k) for 
h' = 1, . . . , Z — 1, fc = 1, . . . , n, where /' is any element of N U {0} such that 
l'>l-2. 



Examples. We have that 3>(7, 3) GM(6x7, Z[xi, . . . , x 5 ]) is the following 
matrix: 
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(° 

















!\ 

















Xl 

















(*i) 2 


X2 














(*l) 3 




X3 











{ Xl f 


3(X!) 2 X 2 


(x 2 ) 2 + 2xix 3 


X4 





\o 


(*l) 5 


4(xi) 3 x 2 


3(xi) 2 x 3 +3xi(a;2) 2 


2x\X4 + 2x2X3 


%5 


0/ 



and ^(7,4) G .M(3 x 7, Z[xi, x 2 , yi, y 2 , 2/3]) is the following matrix: 

/ooo yi o\ 

( yi ) 2 + 2x iyi y 2 

n n n ( yi ) 3+ 2y l2/2 + 

V U +3x 1 (y 1 ) 2 + 3(x 1 )V +2 Xl y2 + 2x 2yi m V 



For i = 0, . . . ,n — l let <E>(n, Z,i) eM((n-I+2)x(n-i),Z[ii,... ,x n _ i+ i_j]) 

be defined as follows: if z > n — I + 1 it is the zero matrix, otherwise it is 

the matrix obtained by putting i rows more of zeros on the top of the 

submatrix of 3>(n, I) obtained by taking the first n — I + 2 — i rows and the 

last n — i columns. For i = 0, . . . , n — 1 let Vl/(n, I, i) € M.{(1 — 1) x (n — 

i), Z[xi, . . . , xi-2-i,yi, ■ ■ ■ , be defined as follows: if i > I — 2 it is 

the zero matrix, otherwise it is the matrix obtained by putting i rows more 

of zeros on the top of the submatrix of *f?(n, I) obtained by taking the first 

fi(fi -)- \\ 

l — l — i rows and the last n — i columns. Let N = and let us define 

2 

the following matrix of A4({n + 1) x N, Z[xi, . . . , x n _z + i, yi, . . . , yi-i])- 



T'(n,0 



$(n,Z,n-l) ••• $(n,/,0) 
*(n,Z,n-l) ••• *(n,/,0) 



let T"(n, /) be the submatrix of T'(n, /) obtained by taking the first n rows 
and let T(n, /) € .M(n x AT, Z[xi, . . . , x n _; + i, y±, . . . , y;_i, z]) be the matrix 
obtained by adding to the row of index n — I + 2 of T"(n, /) the last row of 
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T'(n,l) multiplied by z. 
Let 

L„ = {(i, j) € {0, ...,n- 1} x {0,... ,n- 1} : i + j<ra}, 

which has cardinality TV, and let us consider in L n the lexicographic order. 
We will consider any subset of L n as an ordered subset. 

Lemma 4.4 1) If A e N(n, K), ai, . . . , a n _i G K, B = ol\A + h 

an-ii"^ 1 and v G i^ ri is such that A n ~ 1 v ^ £/ien /or (f, j) G 
L ra the entries of the column of T(n, 2)(a±, . . . , a n -2, 0, 1, a n -\) of 
indices (i,j) are the coordinates of A l B 3 v with respect to the basis 
{v, Av, ... , A n ~ 1 v}. 

2) ///g{3,...,[|]}, ai,...,<WH,/?i,...,A_ 2 Gif ; ceK\{0}, 

B = a 1 A l , n (c) + - ■ ■ + a n -i +1 (A l;n (c)) n - l+1 +(3 1 Ji !n + - ■ ■+pi- 2 (Ji, n ) l ~ 2 

and v G K n is such that (Ji, n ) l ~ 1 v ^ then for G L n the entries 
of the column of T(n, Z)(ai, . . . , a n -i + ±, (3±, . . . , 0i-2, 0, c _1 ) o/ indices 
are the coordinates of (A^ n (c)) l B 3 v with respect to the basis 

{v, A hn {c)v, (Ai, n (c)) n - l+1 v, J hn v, (Ji, n ) l ~ 2 v}- 

Proof. By the expression of B as linear combination of powers of A we get 
1). We have A,, n (c)J, )n = (J,, n ) 2 and (J^) 1 ' 1 = ^(A^c))^ 1 . Hence 
by the expression of B as linear combination of powers of A^ n (c) and J^ n 
we get 2). □ 

Let n n (L n ) be the set of all the subsets of L n of cardinality n. If S is 
annxiV matrix let L n be the set of the indices of the columns of S and 
for / G n n (L n ) let /i(J, S) be the minor of S having / as set of the indices 
of the columns. 



or 



Proposition 4.5 // n G N, m G |3, . . . , | and either char K = 
chari-C > — the variety TLm{n,K) is irreducible. 

Proof. If Z G N and - + l</<n-m + 3the subset of H m {n, K) of all 
(A, B) such that indyl = I is irreducible, since if A G j\f(n,K) the variety 



Ma is irreducible. Hence, by induction on 



m, it is sufficient to prove 
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that if (A, B) G 7^ m (n, K), ind A = n — m + 2 and A is an open subset of 
H m {n,K) such that (A,T3) G .A then 

.4. fl {(A- 8 ) G U m (n,K) : indA = n-m + 3}/0. 

By Lemma ETT1 we may assume that there exists / G K[x] such that x \ f 
and 5 + f(A) is conjugate to J m ,n- Since the map from 7i m (n,K) into 
itself defined by (A, B) \— > (A, 5 + /(A)) is an automorphism of TC m (n, K), 
we may assume that 73 is conjugate to J m ,n- Hence by a) of Lemma POl we 
may assume that there exists c G K \ {0} such that A = A miJl (c) and there 
exist ... , 7 m _! G such that 7! 7^ and 73 = ^iJm,n + 72^4 73 + • • • + 
%,-.(^)'"" 2 ^ 

In the ring K[x,y]/(x n 1 y) let £ = (x n y) + x, rj = (x n l y) + y, rj = 
V ~ 72^ 7 m -i£ m "V We have 

_ pi 1 _i_ ~ t^+in _| 1 7y , , tmin{m-2+j,n-2} 

^ V — ? 7 T" 72? V T T- 7min{m-l,n-l-i}S 7 

for i = 1, . . . , n — 2, hence ^ n ' 2 7] = ^ n ^ 2 rj' and by reverse induction on i we 
may get an expression of ^rj as linear combination over K of f^rf, ■ ■ ■ , £ n ~ 2 rj' 
for i = 1, . . . , n — 2. Then the map from Tt m (n, K) into itself defined by 

(A,B) -> (A, (7 1 ) _1 (i? - 7 2 A/3 7 m -i4 m - 2 B)) 

is also an automorphism of TL m (n,K). Hence we may assume B = J mn . 
Let 

Hm(n,K) = {(A,B,v) G H m {n,K)xK n : dim^B^ : G Z m ) = n} 

and let A = {(A,B,v) G H m {n,K) : (A, B) G A}. Let W G K n be such 
that (J m ,n) m_1 v / 0. By b) of Lemma FOl we have (An,n(c), J m ,n,v) G A. 
It is sufficient to prove that 

A (7 {(A,B,v) eH m {n,K) : ind A = n- m + 3}^$. 

The group GL(ra, 7Y) acts on H m (n,K) by the relation 

G ■ {A, B, v) = {G- l AG, G^BG, G^v) 

for (A, B,v) G Tt m (n,K) and G G GL(n,7Y). We may assume that A is 
stable with respect to this action. 

Let Q(N—n, K) be the grassmannian of all the subspaces of dimension N—n 
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of the iV-dimensional vector space K[x, y]/(x, y) n over K. Let T m (N — n, K) 
be the open subset of Q(N — n, K) of all V such that V fl ((x, y) n + x l y 3 : 
G Z m ) = {0} and let T m (N — n, K) be the subset of T m (N — n, K) of 
all V which are ideals of the ring K[x, y\j (x, y) n . 
Let 

C m ■ H m (n,K)^Q(N-n,K) 

be the map which associates to (A, B,v) €. Tl m (n, K) the kernel of the homo- 
morphism from K[x,y]/(x,y) n onto K n defined by (x,y) n + g h> g(A,B)v 
for g G K[x,y]. If (A,B,v) G 7i m (n,K) all the elements of the orbit of 
(A, B, v) have the same image under Cm and the matrix having as columns 
the vectors A l B^v for G L n is the matrix of the coefficients of a system 
of n linear homogeneous equations for ( m ((A, B , v)) . Hence Cm is a mor- 
phism. Moreover Cm(Hm{n, K)) C 2T m (iV — n,K). 

For F G J-'miN — n,K) let ay and (3y be the endomorphisms of the vec- 
tor space K[x,y]/V over K such that Qv(V r + x l y 3 ) = V + x l+1 yi and 
(3y{V + x l yi) = V + x l yi +1 for G Z m . Let and 5y be the matrices 
of ay and /3y respectively with respect to the basis {V +x l y 3 : G Z m }, 

which has the vector V + 1 as n-th vector. Let 

Cm ■ Fm{N -n,K)^> M(n, K) x M(n, K) x K n 

be defined by Cm(V) = (A v , B v ,e n ) for V G ^" m (iV - n, K). 
Let V G J- m {N — n, K) and let G be the matrix of the coefficients of a system 
of n linear homogeneous equations for V. Let (i',f) G L n and let 0(* J ) 
be the column of 6 of index (i',j f ). Then the n-tuple of the coordinates of 
V + x % yi with respect to the basis {V + x l yi : G Z m } is the solution 

of the Cramer system 

fi (z m ,e)x = e^ 

where X is the column of the unknowns. Hence Cm is a morphism. 
If V G l m (N-n,K) we have a v (V + g) = V + gx and Pv(V + g) = V + gy 
for g G K[x,y],Jience (A v ,B v ,e n ) G H m (n,K) and Cm((A v , B v , e n )) = V. 
If (A,B,v) G Tim{n,K) and V = Cm((^4> B, v)) we have that Ay, By are 
the matrices which represent A, B respectively with respect to the basis 
{A l BH : G Z m }, hence (A,B,v) and (Ay , By, e n ) belong to the 

same orbit. Then, since 

Cm(A.) (Cm \j m (N —n,K) 

we have that Cm(A) is an open subset of I m (X — n, K). 

Let H m (n,K) be the subset of H m (n,K) of all (A,B,v) such that either 
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m = 3 and A is regular or m > 3 and there exists G G GL(n, X), c G X\{0} 
and a\, . . . , a n _2 m +4 £ such that G~ l AG = A m _i jn (c) and 

G~ l BG = aiVi,n(c) + • • • + a„_ 2m+4 (A m _i in (c)) n - 2m+4 + J m _i, n . 

We want to prove that 

Let T(n, m) be the matrix over T^T obtained by setting xi, . . . ,x n _ m _)_i, 
2/2) • • • j 2/m-l = 0, yi = 1 and z = c _1 in T(n, m). Let T(n, m — 1) be the 
matrix over Z[xi, . . . , x n _ 2m +4, z] obtained by setting x n _ 2m +5, • • • , ^n-m+2, 
2/2) •• • iVm—2 = and yi = 1 in T(n, m — 1). By using the definition of 
T(n, m), T(n, m — 1) and Lemma T4.3I we get the following properties for 
the determinants of the minors of order n of T(n, m) and T(n, m — 1). 
We have 

det (i(Z m -i, T(n, m — 1)) = 1, det n(Z m , T(n, m — 1)) = 2. 

For z G {1, . . . , n — 2m + 4} let Z m _i^ be the set obtained by substituting 
(n — m + 2, 0) with (n — m + 2 — i, 1) in Z m _\\ then we have 

det fj,(Z m -i t i, T(n, m - 1)) = a?j. 

Let 7 G II n (L n ). If / G |2, . . . , — J | we will say that I has the property 
V(l) if there exist hi G {0, . . . , i — 1} for £ = 1, . . . , I — 2 such that 

/= {(n-/,0),...,(0,0)} U {{hi,i-hi) : i = 1, . . . , J - 2} U {(h,k)} 

where either (/t, k) = (n - I + 1, 0) or h G {0, . . . , I - 2}, k = I - 1 - h. 
If I hasn't the property V(m — 1) then det //(J, T(n, m — 1)) hasn't a term 
different from and of degree with respect to xi, . . . , x n ~2m+4- If / 
has the property Vim — 1) there exist jj G {0, 1}, // G Z[xi] and Fj G 
Z[xi, . . . , x n _2m+4] such that xi | // and 

det/i(/,f(n,m-l)) =^(l + //) + F/; 

if J 7^ Z m , Z m _i and either char = or chariT > m — 1 by ii) and iii) of 
Lemma 14.31 we have // ^ 0. 

We have det fi(I, T(n, m)) ^ if and only if / has the property V(m). 
Hence det /j,(Z m -i, T(n, m)) = and det (j,(Z m -i t i, T(n, m)) = for i = 
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1, . . . , n — 2m + 4. 

If / has the property V(m) and (n — m + 1, 0) G I then / has the property 
V(m — 1) and jj = 1. 

Let us assume that / has the property V(m) and there exists h G {0, . . . , m — 
2} such that (h, m — 1 — h) £ I. Let h m _2 G {0, . . . , m — 3} be such that 
(/i m _2, rra — 2 — h m -2) G /. Let M/ be the minor of order 2 of T(n, m — 1) 
obtained by taking the rows of indices n — m + 2, re — m + 3 and the columns 
of indices (h,m — l — h), (/i m _2, m — 2 — /i m _2)- Then there exists gj G Z[xi] 
such that xi | gi and 

det T(n, m - 1)) = (1 + 5-7) det M/. 

Moreover there exists /i/ G Z[xi] and ff/ G Z[a?i, . . . , x n -2m+i] such that 
xi j hi and the entry of Mj of indices (2,2) is z(l + /i/) + The 
other entries of Mj are polynomials of Z[xi, . . . ,x n _2m+4]- Since for h € 
{0, . . . , m — 2} we have (n — m + 1 — h) — {m — 1 — h) + 1 = n — 2m + 3, by 
ii) and iii) of Lemma 14.31 if either char K 7^ or char K > m — 1 the entry 
of Af/ of indices (1, 1) is an homogeneous polynomial of Z[xi, . . . , x n _2m+3] 
of degree m — 1 — h \i h ^ m — 2 and is x n _2 m +3 if h = m — 2; hence 
det fi(I ,T(n,m — 1)) has degree greater than 1. 

By Lemma 14.41 we have that T(n, m) is the matrix of the coefficients of a 
system of n linear homogeneous equations for Cm((^4m,n(c), J m ,n, v)) and if 
c € i"C\{0}, ai,..., a n -2m+i € K and v € -?T n is such that (J m _i jn ) m_2 u 7^ 
then T(n, m — l)(ai, • • • , a n _2m+4; c" 1 ) is the matrix of the coefficients a 
system of n linear homogeneous equations for Cm{(^-m~i,n(c), aiA m _i in (c) + 

■ • • + a n _ 2m +4(An-l,n(c)) n " 2m+4 + J m -l,n, v)). 

Then if either char K = or char K > m — 1 we get that the coordinates of 
Cm((^4n,m(c), J m ,n,v)) as element of Q{N — n, K) satisfy the equations of the 

closure in Q(N — n,K) of C, m {T~L m ( n i K))> an( i hence A PI TL m (n,K) ^ 0. 
This proves the result. □ 

Remark. There exist re, m, p G N such that m G |3, . . . , — |, p is 

prime, p < m — 1 and if char = p the variety 7i m (n, K) is reducible (and 
hence the variety TC m (n,K) is reducible). In fact, if chari^T = 3 and 

/ = {(3, 0), (2, 0), (1, 0), (0, 3), (0, 2), (0, 1), (0, 0)} 

we have det fi(I, T(7, 4)) 7^ but det T(7, 3)) = 0; hence by the proof 
of Proposition 14.51 Lemma 14.11 and Lemma 14.41 if char K = 3 we have that 
7l!4(7, K) is reducible. 
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Lemma 4.6 Let v : 3^1 — ► 3^2 & e a closed surjective morphism of quasi 
projective varieties and let 3^2 be irreducible. If there exists a dense subset 

3^2 0/3^2 such that v~ 1 (y2) = 3*1 and the fibers of the elements 0/ 3*2 are 
all irreducible of the same dimension then 3^1 is irreducible. 

Proof. It is a generalization of Theorem 8 of chap. I, §6 of ^Hl- D 
Now we can prove the result which is the aim of this paper. 

n 

Theorem 4.7 If n 6 N and either char-K" = or chsx K > — the variety 
TL(n,K) is irreducible of dimension n 2 — 1. 

Proof. We prove the theorem by showing that if (A, B) £ 7i(n, K) and A 
is an open subset of H(n, K) such that (A, B) £ A there exists (A, B) £ A 
such that B is regular. Let Hi, ... ,uj be the orders of the Jordan blocks of 
B. By induction on t it is sufficient to show that there exists (A,B) £ A 
such that either B is regular or rank B > n — t. 

If there exists (A,B) £ A such that either A is regular or rankA > n — t 
then by the irreducibility of there exists B £ M such that (A, B) £ A 
and either 5 is regular or rank B > n — t. 

Let n = d-jt + rj where (%, r ? <G N U {0} and r T < t. Then indS > <% + 
min{l, r^}. If ind B = dj + min{l, r^} we have u\ — Uj < 1, hence by Lemma 
12.41 and the irreducibility of N-g there exists A £ Mj^ such that A is regular 
and (A, B) £ A. Then, for a given t, we may prove the claim by induction 
on ind£?. 

If there exists i E {1, . . . ,t — 1} such that Hi — < 1 by Proposition 12.41 
and the irreducibility of J\fj^ there exists A £ J\f^ such that (A, B) £ A and 
rank A > n — t; hence we may assume u« — Uj+i > 2 for i = 1, . . . , t — 1. 
Let «i — ~u~2 = 2. By Proposition 13. 91 and the irreducibility of A/"-g- there exist 
A £ A% and a(A) £ K such that (A, ~B) £ A, rank(5 + a(A)A) =n-t, 
ind(£?+a(^4)^4) < u\. By the inductive hypothesis applied to (A, B+a{A)A) 
andjhe open subset {(A" , B" + a(A)A") : (A",B") £ A}jhere exists 
(^4, B) £ A such that either B+a{A)A is regular or rank(i?+a(^4)^4) > n — t; 
hence by the irreducibility of ■N~B-\-a(A)A ^ * s P oss ible to choose A such that 
either A is regular or rank A > n — t . 

Let Hi — «2 > 2. If t = 2 the claim follows by Proposition 14.51 hence we 
may assume t > 2. Let n = u\ +M2 and let Q £ N{n — n, K) be the 
matrix in Jordan canonical form which has t — 2 Jordan blocks of orders 
U3, . . . ,u t . Let Ttu lt u s (n, K) be the subvariety of H(n, K) of all (C, -D) such 
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that rankD > n - 2, u\ < mAD < n - (u 3 + 1). For A,B e M(n,K) 
let A = (Aij), B = (Bij) where i,j = 1,2 and An, Bn G X(n, K). 
Let TCu l: u 3t Q(n, K) be the subvariety of Ti(n, K) of all (A, 5) such that 
Sia, #21 = 0, S 22 = Q and (An,5ii) G Hv^fcK). Let 

be defined by 7T ¥1i u 3) q(A, S) = (in,Bu). Since H^^^in, K) is homoge- 
neous with respect to the entries of Ai%, A21, A22 the morphism nu u x£ 3 ,Q 
is closed. By Proposition 14.51 the variety Hui,u 3 {n, K) is irreducible and by 
Lemma 12.21 and Lemma 12.31 all the fibers of 7Tu 1} u 3t Q have the same dimen- 
sion. Hence by Lemma I1~d1 the variety H^^^re, K) is irreducible. Then 
there exists (A', B') G A such that the Jordan blocks of B' have orders 
n— (TI3 + 1),U3 + 1,U3, If B' has this property there exists A G N b' 
such that rank A > n — t and hence we get the claim. □. 

By Theorem 14.71 we get a proof of the following result and an extension 
of it to algebraically closed fields K such that char K > — . 

Corollary 4.8 (J. Briangon, 1977,). Ifn G N, X is an algebraic surface over 

n 

an algebraically closed field K such that either char K = or char K > — 
and P G X is nonsingular then Hilb n (Op) is irreducible of dimension n—1. 

Proof. By ^0] the quotient of TC(n, K) with respect to the action of 
GL(n, K) is a variety isomorphic to Hilb n (Op). Since TC(n,K) is an open 
subset of 7Y(n, K) x K n by Theorem 14.71 it is irreducible of dimension 
n 2 — 1 + n. Since the stabilizer of any element of Tl(n,K) with respect 
to the action of GL(n, K) is trivial, we get the claim. □ 
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